We study motion of particles and light in a space-time of a 5-dimensional rotating black hole. We demonstrate that the Myers-Perry metric describing such a black hole in addition to three Killing vectors possesses also a Killing tensor. As a result, the Hamilton-Jacobi equations of motion allow a separation of variables. Using first integrals we present the equations of motion in the first-order form. We describe different types of motion of particles and light and study some interesting special cases. *
Introduction
Brane world models with large extra dimensions have become very popular after the appearance of the paper [1] . An important generic feature of these models is that the fundamental quantum gravity scale may be very low (of order TeV) and the size of extra spatial dimensions may be much larger than the Planck length (∼ 10 −33 cm). In the models with 'large extra-dimensions' the minimal mass of black hole can be also much smaller that the Planck mass (10 16 GeV) and be of order TeV. Such mini-black holes could be produced in particle collisions in near future colliders and in cosmic ray experiments [2] . One can expect that majority of black holes produced in such way would be rotating [2, 3] . Estimations show that such higher dimensional mini-black holes can be described within the classical solutions of vacuum Einstein's equations. These mini black holes can be attached to the brane or, if the brane tension is small, can leave the brane and travel in the bulk space [3] . Recently, the problem of higher dimensional black holes has attracted a lot of attention [4] .
Higher dimensional black holes were also studied in string theory. Motivated by ideas arising in various models in string theory a lot of work was done studying supersymmetric higher dimensional black holes especially in 5-dimensional space-time. For example, supersymmetric rotating black holes were studied in [6] and [7] . The solution analyzed there is not a vacuum solution of Einstein's equations and requires some special choice of parameters in order accommodate the supersymmetry. In [8] , rotating black holes were studied in the context of string theory. Although the solution described there is very general (a boosted vacuum solution of Einstein's equations) the authors mainly concentrate on scalar field gray body factors. In the previous paper [9] , we studied some general geometrical properties of a 5-dimensional rotating black hole and the propagation of 5-dimensional massless scalar field in the background of such a black hole.
In this paper, we extend our analysis to properties of motion of particles and light in the space-time of a 5-dimensional rotating black hole. We demonstrate the existence of a Killing tensor in such a space-time. We describe different types of motion of particles and light and study some interesting special cases. To the best of our knowledge, the results presented in the current paper have not been presented in the literature before.
Myers-Perry metric and its properties
The metric for 5-dimensional rotating black hole in the Boyer-Lindquist coordinates is ( [10] ):
Here,
4)
Angles φ and ψ take values from the interval [0, 2π], while angle θ takes values from [0, π/2]. Note also that instead of the 'radius' r we use the coordinate x = r 2 . This will allow us to simplify calculations and make many of the expressions more compact. The black hole horizon is located at x = x + where
5)
The angular velocities Ω a and Ω b and the surface gravity κ are
For the metric (2.1)
We shall also need the following expressions for the contravariant components of the metric
The metric (2.1) is invariant under the following transformation
It possesses 3 Killing vectors, ∂ t , ∂ φ and ∂ ψ . For a = b the metric has 2 additional Killing vectors [5, 9] :
cos ∂θ − cotθ sinφ ∂φ + sinφ sinθ ∂ψ (2.10) and − sinφ ∂θ − cotθ cosφ ∂φ + cosφ sinθ ∂ψ .
In a general case the metric (2.1) has also the Killing tensor K µν satisfying the equation
This Killing tensor can be written in the form 13) 3 Equations of motion for particles and light. First integrals.
The equations of motion of a test particle of mass m in a curved space-time given by a metric g µν are:
where D Dτ denotes covariant derivative with respect to proper time τ . In this section we study these equations in the Myers-Perry metric (2.1) by using the Hamilton-Jacobi method. This consideration is similar to the approach developed by Carter for 4dimensional Kerr metric [12] (see also [13] ).
The equations (3.1) can be derived from the Lagrangian:
where a dot denotes partial derivative with respect to an affine parameter λ. For consistency, we chose τ = mλ ,
The conjugate momenta following from (3.2) are
Thus, the Hamiltonian is
The momenta calculated for the metric (2.1) are:
From the symmetries of the metric (2.1) it follows that at least three constants of motion should exist. They correspond to conservation of energy, E, and angular momenta in two independent planes defined by angles φ and ψ. Thus,
We also have the constant of motion corresponding to conservation of rest mass which is given by (3.3) .
In order to solve the system of equations of motion completely, we need one more constant of motion. This can be obtained using Hamilton-Jacobi method of solving equations of motion.
From the Hamiltonian (3.6) we have Hamilton-Jacobi equations in the form:
where S is the Hamilton-Jacobi action. Since it was proven in [9] that the equation of motion can be separated, the action must take the form:
where S θ and S x are functions of θ and x respectively. From equations (3.9) and (3.10) we can conclude:
and
( 3.13) Here K is a new constant of the motion. We used the freedom K → K + const (in this case const = a 2 E 2 ) to obtain the equations in the form invariant under the transformation (2.9). Using relations p θ = S ,θ and p x = S ,x we can replace (S θ ) ,θ and (S x ) ,x by p θ and p x respectively. It is easy to check that the separation of variables parameter K is related to the Killing tensor K µν as follows
Equations (3.11) and (3.12) can be written in a compact form:
Here functions Θ and X are given by
(3.18) The sign functions σ θ = ± and σ x = ± in the right hand sides of two equations (3.15 ) are independent from one another. In each of the equations the change of the sign occurs at a turning point where the expression in the right hand side vanishes.
We can write the Hamilton-Jacobi action in terms of these functions:
By differentiating with respect to K, m, E, Φ and Ψ we obtain the solution of the Hamiltonian-Jacobi equations as
Often it is more convenient to rewrite these equations in the form of the first order differential equations
29)
These equations can be obtained from equations (3.20) by direct differentiation with respect to the affine parameter λ.
General types of motion and special cases 4.1 Radial motion
The geodesic world line of a particle in the Myers-Perry metric is completely determined by the first integrals of motion E, Φ, Ψ, and K. We discuss the motion in the black hole exterior, so we assume that ∆ > 0. Consider X given by (3.18) as the function of x for fixed values of the other parameters. At large distances the leading term of X contains the factor E 2 − m 2 . For E 2 < m 2 the function X becomes negative at large x. Hence only orbits with E 2 > m 2 can extend to infinity. These orbits are called unbound. For E 2 < m 2 the orbit is always bounded, that is the particle cannot reach infinity.
To study qualitative characteristics of the motion of test particles in the metric (2.1), it is convenient to use the effective potential. Let us write X as
where
The radial turning points X = 0 are defined by the condition E = V ± (x), where
The quantities V ± are called the effective potentials. They are functions of x, and integrals of motion Φ, Ψ, and K.
The limiting values of the effective potentials V ± at infinity and at the horizon are
The motion of a particle with energy E is possible only in the regions where either E ≥ V + or E ≤ V − . Expression (4.5) remains invariant under transformations E → −E, Φ → −Φ, Ψ → −Ψ relating these regions. In the absence of rotation, a = b = 0 the second region, E ≤ V − is excluded.
Motion in θ-direction
Consider now motion in the θ-direction. Since Θ ≥ 0, bounded motion with E 2 < m 2 is possible only if K ≥ 0. For bounded motion and a = 0, b = 0, K > 0. For K > 0 there exist both bounded and unbounded trajectories. A particle can reach subspace θ = 0 only if Φ = 0, and the subspace θ = π/2 only if Ψ = 0. For Ψ = 0 the orbit is in the θ = π/2
Special class of motion is a case when particles are moving quasi-radially along trajectories on which the value of the angle θ remains constant, θ = θ 0 . The relation between the integrals of motion corresponding to this type of motion can be found by solving simultaneously the equations
These equations are of the form
In the second equation we excluded cases θ 0 = 0 and θ 0 = π/2.
Principal null congruences
We consider now null rays moving along θ 0 =const surfaces. One can use conditions (4.8) and (4.9) (with m = 0) to determine two of the constants of motion. After this a general solution is specified by E, K, θ 0 , and t 0 , φ 0 , ψ 0 . The last 3 constants are required as initial data for 3 Killing variables, t, φ, and ψ. Let us note that the parameter E is not important. It can be 'gauged away' be rescaling of the affine parameter λ → Eλ. Thus, we have five-parameter family of null geodesics. In order to have a congruence of null geodesics one needs to fix one more parameter. The following special choice is very convenient Φ = −Ea sin 2 θ 0 , Ψ = −Eb cos 2 θ 0 . (4.10)
For this choice the equation (4.9) is automatically satisfied, while the equation (4.8) gives
The null geodesics from this congruence are uniquely specified by the parameters θ 0 , t 0 , φ 0 and ψ 0 . The null vectors tangent to the geodesics from this congruences are
The two different congruences differ by the choice of sign in (3.26) . By analogy with similar congruences in the four-dimensional Kerr geometry, we call the congruences generated by L µ ± principal null congruences. By using GRTensor program one can check that both of the null principal congruences obey a condition
where C βγδǫ is the Weyl tensor. In 4 dimensional case a similar condition means that the space-time is algebraically special and belong to the Petrov class D (or more degenerate) 1 . One can check that the shear σ ± defined by (A.6) for L γ ± is
and it does not vanish 2 . To perform the calculation of σ we used GRTensor program. The direct calculations based on relation (A.5) of the Appendix result in very long expressions, so that the standard GRTensor simplification procedure does not work. We found that calculations based on the second form of the expression for σ in (A.6) are much shorter and allows one to arrive to the result (4.14) much faster. The principal null geodesic congruences (4.12) were used in [10] to establish relations between Boyer-Lindquist and Kerr-Schild coordinates for the Myers-Perry metric.
Similarly to the 4-dimensional Kerr metric both of the null principle vectors L µ ± are eigen-vectors of the tensor ξ (t)µ;ν , where ξ µ (t) ∂ µ = ∂ t is the Killing vector which is time-like at infinity. Namely the following relations are valid
Conclusions
We discussed motion of particles and light in the space-time of five-dimensional rotating black hole. There is an intriguing similarity of this problem with the case of the fourdimensional Kerr metric. In both cases the Hamilton-Jacoby equations for particles and light allow separation of variables. This property follows from the existence of a Killing tensor in addition to the Killing vectors. We described different types of motion of particles and light in the background of five-dimensional rotating black hole including some interesting special cases (like radial motion and bounded and unbounded motion in θ direction). In many aspects qualitative properties of different types of motion are similar in four and five dimensions. Both fourand five-dimensional metrics are algebraically special and allow two families of principle null congruences. In both cases these congruences are geodesic. The principal null rays are also eigen-vectors of the tensor ξ µ;ν . However, there is a difference. While in four dimensions the principle null congruences are shear free in five dimensions this is not the case.
1 Petrov classification for five-dimensional metrics was given in [14] . Classification of higher dimensional space-times and its relation to the existence of principal null geodesics is an interesting problem. In our paper we use the term "algebraically special " only in the sense that the space-time allows principal null geodesics. 2 In the 4-dimensional case the following theorem proved by Goldberg and Sachs [15] is valid: A vacuum gravitational field is algebraically special if and only if it allows a shear free congruence of null geodesics. The result (4.14) implied that this theorem is not valid in the 5-dimensional case.
It would be interesting to generalize these results to rotating black holes in arbitrary number of dimensions.
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A Optical scalars for null congruences in a higher dimensional space-time
Consider a congruence of null geodesics in n-dimensional space-time and let l µ be a tangent vector, then l µ l µ = 0 , l µ ;ν l ν = 0 , l µ ;ν l µ = 0 . (A.1)
Denote by Σ (n − 1)-dimensional null plane which is spanned be vectors z µ obeying the condition z µ l µ = 0. Let us choose another null vector n ν , normalized by the condition n µ l µ = −1, and denote by S (n − 2)-dimensional subspace of Σ formed by vectors which are orthogonal to both null vectors. Denote by h µν a projector onto S h µν = g µν + 2 l (µ n ν) . The parameters of twist,ρ, and shear, σ, are defined as followŝ
It should be emphasized that the choice of the null vector n µ contains ambiguity n µ → n µ + z µ where z µ is any vector from Σ. Under this transformation h µν → h µν + 2l (µ z ν) , while the expansion ϑ, twistρ and shear σ remain invariant. In a space-time with two principle null geodesic congruences L µ ± the natural choice of the projector h µν is
For the 5-dimensional metric (2.1) and the principle null vectors (4.12) one has α = −∆ 2xρ 2 , (A.8)
(A.9) (The matrix h µν is written in the basis (t, x, θ, φ, ψ) .)
